Abstract
Introduction
Many researches relate to the formal systems in AI. The semantic completeness and syntax completeness are important characters of a formal system, two the completeness reflect capability of a formal system [1] [2] . For example, knowledge base Ψ is a set of formulae and using reasoning, so we can regard Ψ as a kind of the formal system. Keeping the consistency of Ψ is most basic demand in extend to Ψ. But we discover that consistency of Ψ * no lose when we sometimes add an invalid knowledge (invalid formula) as a new axiom (or rule of inference) to obtain Ψ * from Ψ, owing to the fact that most of formal systems (such as the first order logic system, the modal propositional logic system) don't have syntax completeness. However, if Ψ is a propositional knowledge base, then extension Ψ * of Ψ will lose consistency, owing to the fact that classical propositional logic system have syntax completeness. Thus, we ask that for a formal system ℜ, what is the relation between the syntax completeness of ℜ and the syntax completeness of extension of ℜ? In addition, because any knowledge bases in practice have no semantic completeness, so we can propose second question that, is there relation between the semantic completeness of ℜ and the syntax completeness of ℜ on certain conditions? This paper will answer these questions.
Definition 1: Let ℜ be a consistent formal system, formula A is not a theorem in ℜ. ℜ has syntax completeness if and only if the extension ℜ * of ℜ is not consistent, where ℜ * obtained from ℜ by including A as an additional axiom (or axiom scheme). ℜ has semantic completeness, if and only if, formula B is a valid formula of ℜ then B is a theorem in ℜ.
We redefine the above questions as follows. Let S be a consistent formal system, (i) What is relation between the syntax completeness of S and the syntax completeness of consistent extension system of S?
(ii) Syntax completeness of S has relations with semantic completeness under what condition?
Relation of syntax completeness on formal system and its extensions
Definition 2: A formal system S is consistent, if and only if, there is no formula B of S, B and ¬B are theorems of S. Theorem 1: An extension S 2 of formal system S 1 is consistent if and only if there is a formula of S 1 , which is not a theorem of S 2 .
Lemma 1: Let S 2 be a consistent extension of formal system S 1 , and let A be a formula of S 1 (no variable occurs free in A if S 1 is predicate logic system), which is not a theorem of S 2 . Then S 2 * is also consistent, where S 2 * is the extension of S 1 obtained from S 2 by including ¬B as an additional axiom (or axiom scheme).
Theorem 2: Let S 2 be consistent extension of formal system S 1 . If S 1 has no syntax completeness, then S 2 has no syntax completeness either (in other words, if S 2 has syntax completeness then S 1 has also syntax completeness).
Thus far, theorem 2 shows that the question (i) has been solved.
Relations between the two completeness
Theorem 3: Let S be a consistent formal system. If S has syntax completeness and soundness then S must has semantic completeness.
Theorem 3 shows that the question (ii) has been answered, namely if a formal system has syntax completeness and soundness, then it must has semantic completeness. Does the converse also hold?
The following results (A) and (B) show that the converse of theorem 3 not holds, a formal system has semantic completeness and soundness, but it has not always syntax completeness.
(A): In classical logic, the propositional logic system has semantic completeness and soundness, and also has syntax completeness [2] . However, the first order logic system has no syntax completeness though it has semantic completeness and soundness.
Theorem 4: The first order predicate logic system has no syntax completeness. By Theorem 2 and Theorem 4, we have the following corollary 1.
Corollary 1: Any consistent extensions of the classical first order logic system have no syntax completeness.
(B): In non-classical logic, the modal propositional logic systems and the model predicate logic systems have soundness and semantic completeness [2] .
Theorem 5: The modal propositional logic systems don't have syntax completeness. Obviously, we have the corollary as follows.
Corollary 2: The model predicate logic system has no syntax completeness.
However, the medium predicate logic MF in the non-classical logic is most interesting [3] . MF contained the medium propositional logic MP and the consistent extension MP * of MP. Though they have soundness and semantic completeness [4] , they don't have always syntax completeness [5] .
Theorem 6: The medium propositional logic system MP and its extension MP * have syntax completeness.
Conclusions
For a consistent formal system S, this paper has proved the following results:
(1) If a consistent extension of S has syntax completeness then S has syntax completeness.
(2) Any extensions of classical first order predicate logic don't have syntax completeness.
(3) If S has syntax completeness then S must has semantic completeness when S has soundness. The converse not holds.
In these conclusions, the (1) and (2) provided a new method that whether a formal system has syntax completeness, that is, for a consistent formal system, if either it was a consistent extension of classical first order logic or its a subsystem has no syntax completeness, then it must have no syntax completeness. The (3) provided a new method that whether a formal system has semantic completeness, that is, if a formal system has syntax completeness and soundness, then it must have semantic completeness.
